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Union of Polyhedra



Envelope of Polyhedra



Key Theorem for H-Polyhedra
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Generalization to k H-Polyhedra



Algorithm for H-Polyhedra
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Key Theorem for V-Polytopes
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Generalization to k V-Polyhedra



Algorithm for V-Polyhedra (1)



Algorithm for V-Polyhedra (1)



Algorithm for V-Polyhedra (2)



Algorithm for V-Polyhedra (2)



VH-Polytopes



VH-Polytopes



Algorithm for VH-Polyhedra



Related Work (1): Reduction 



Buck 1943,
Edelsbrunner 1987,

Fukuda 1996 
Hyperplane Arrangements

Let A={Hi}i={1,…,n}, Hi={x:aix-bi 

=0} be a collection of 
n hyperplanes in Rd

Theorem Each polyhedral 
region (or cell) is 
associated to a sign 
marking 

Theorem The total number 
of cells is bounded by 
Buck’s formula



Hyperplane Arrangements - Algorithms

There is an optimal algorithm for 
enumeration of hyperplane arrangements 
with time and space complexity O(nd)
(Edelsbrunner ‘87)

There is reverse search algorithm (Fukuda 
’96,’01) for enumeration of hyperplane
arrangements that runs in O(n lp(n,d) #M)
time and O(n,d) space, where lp(n,d) is the 
complexity of solving a linear program 
with d variables and n constraints



Optimal Merging Of Cells - Idea
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Markings allows easy merging of the region
o Convexity recognition by marking comparison
o Redundancy removal by marking comparison
o Branch&Bound guarantees minimum by trying

several combinations
o Future research: Fast suboptimal algorithms  



Optimal Merging
Geyer Torrisi ‘03



Related Work (2): Extended hull
Fukuda et al. 01 

Compute the convex hull of the union of k H-
polytopes



Conclusions
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